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Abstract

We consider the problem of incrementally computing a minimal dominating set
of a directed graph after the insertion or deletion of a set of arcs. Earlier results
have either focused on the study of the properties that minimum (not minimal)
dominating sets preserved or lacked to investigate which update affects a minimal
dominating set and in what ways. In this paper, we first show how to incrementally
compute a minimal dominating set on arc insertions. We then reduce the case of
computing a minimal dominating set on arc deletions to the case of insertions. Some
properties on minimal dominating sets are provided to support the incremental
strategy. Lastly, we give a new bound on the size of minimum dominating sets
based on those results.

Key words: Directed graph (digraph), Minimal/minimum dominating set,
Out-domination, In-domination

1 Introduction

Whilst domination in undirected graphs have been studied extensively [5],
domination in directed graphs (digraphs) have not yet gained the same amount
of attention from researchers. For domination in digraph, the research of [1,2,4]
study the properties of the minimum dominating sets upon some characterized
digraphs. More recently, domination in digraphs has been used in the study of
answering skyline query in database [6] and routing in networks [11]. A classic
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application example is to choose a hotel from many candidates by considering
two parameters in making decision, price and distance to the beach, . Quite
often there is no hotel that satisfies both objectives, i.e., with minimized price
and minimized distance to the beach, because hotels close to the beach tend to
have higher prices. The skyline query returns all the interesting hotels, which
are the ones that are no worse than any other hotel for both parameters.
Formally, these are the hotels not dominated by any other one. If we view
every parameter as a dimension, then p dominates q if p is no worse than q
in every dimension and better than q in at least one dimension. By adding
other preferences such as facilities and meal prices, this example is extended
into high dimensions which can be modeled by the domination problem in
digraphs generally [10]. Recently, the researches on skyline are extended to
process spatial data [9] and stream data [7,12].

On a large data set where the updates are small and frequent, the construction
of the new answer from the old answer should be more efficient and responsive
than recomputing the new answer from scratch [3]. In database research, in-
cremental computing queries or graph problems have gained great attentions
recently [8].

In this paper, we study the variations of a dominating set upon updating
digraphs. We investigate how to compute incrementally a minimal dominating
set on digraphs and show how a single update affects a dominating set. From
this study, a new bound on the size of minimum dominating set is derived.

The rest of the paper is organized as follows. Section 2 explains the basic
terminologies. Section 3 presents the results of incremental computability and
provides the related properties. Section 4 concludes this paper.

2 Dominating Set

A directed graph (digraph) is a pair G = (V, A), where V is a set of nodes
and A ⊆ V × V is a set of arcs, i.e., ordered pairs of nodes. We say that
node u dominates node v (or node v is dominated by node u) if arc (u, v) is
in G. Arc (u, v) is denoted as u → v graphically. In digraph G, the indegree
of node v is the number of arcs directed into v and is denoted as d−G(v), i.e.,
d−G(v) = |{(u, v)|(u, v) ∈ G}|. The outdegree of node u is the number of arcs
going out of u and is denoted as d+

G(u), i.e., d+
G(u) = |{(u, v)|(u, v) ∈ G}|.

A new arc can be added into G or an existing arc can be removed from G. We
denote the new graph G+e = (V, A ∪ {e}) when a new arc e ∈ V × V − A is
added into G. Similarly, we denote the new graph G−f = (V,A − {f}) when
an arc f ∈ A is deleted from G.
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In digraph G = (V, A), a set of nodes S ⊆ V is a dominating set 1 of G if each
node v ∈ V − S is dominated by at least a node in S. A minimal dominating
set Sm is a dominating set with no proper subset of Sm as a dominating set.
Suppose that u is a node of dominating set S. Node u is called redundant
if S−u = S − {u} is still a dominating set. A minimum dominating set SM

is a dominating set of minimum cardinality. The cardinality of a minimum
dominating set is called the domination number of G and is denoted by γ(G).
Clearly, a node u with d−(u) = 0 belongs to every Sm and SM .

3 Constructing a minimal dominating set incrementally

In this section, we first study how S, a minimal dominating set of G = (V, A),
changes when inserting a new arc into G. We show that a minimal dominating
set of G+e can be derived from S in a simple way. We then apply the result
on insertions to the case of arc deletions and derive a reduction result (Theo-
rem 2). The reduction result shows that a minimal dominating set of G−f can
be derived through arc insertion operations.

The following lemma will be used to prove the major results in this section.
Intuitively, the following lemma means that (1) any dominating set of a sub-
graph of G is a dominating set of G, and (2) any minimal dominating set of G
is a minimal dominating set a subgraph of G if and only if it is a dominating
set of the subgraph.

Lemma 1 Suppose S and S ′ be a minimal dominating set of G = (V, A) and
G′ = (V,A′) respectively. If A′ ⊆ A, then

(1) S ′ is a dominating set of G.
(2) S is a minimal dominating set of G′ if S is a dominating set of G′.

Proof: The proof of (1): Since S ′ is a dominating set of G′ and A′ ⊆ A,

V −S ′⊆{w|(s, w)∈A′∩[S ′×(V −S ′)]}
⊆{w|(s, w)∈A∩[S ′×(V −S ′)]}

holds. The above equation means that S ′ dominates each node of V−S ′ in G.
Thus, S ′ is a dominating set of G by the definition of dominating set.

The proof of (2): Otherwise, S is a dominating set but not a minimal domi-
nating set of G′. Then S − {s} is still a dominating set of G′ for certain node

1 It is called out-dominating set in [2].
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Fig. 1. S and S−f are the minimal dominating sets of G and G−f respectively.

s ∈ S. Consequently, S −{s} is a dominating set of G by Lemma 1(1), which
is contradictory to the hypothesis that S is a minimal dominating set of G. 2

Roughly, Lemma 1(1) indicates that a minimal dominating set of G+e is very
similar to a minimal dominating set of G and can be generated from it cheaply.
In fact, as indicated in Theorem 1 afterwards, there exist S and S+e, minimal
dominating sets of G and G+e respectively, such that |S ∪ S+e − S ∩ S+e| ≤ 1
holds. However, this property does not hold for the minimal dominating sets
of G and G−f . That is, given a minimal dominating set S of G, there may
not exist a minimal dominating set S−f of G−f that is close to S in size. The
following is a counter-example for the decremental case.

Example 1 Let G and G−f be the digraphs in Figure 1 for f = (a, b). It can
be proven that S = {a, c, d} is a minimal dominating set of G and S−f = {b}
is the unique minimal (or minimum) dominating set of G−f . It concludes
that S−f is a dominating set of G by Lemma 1(1). Clearly, S−f is a minimal
dominating set of G as |S−f | = 1.

Instinctively, this result indicates that a minimal dominating set of G−f is
quite “similar” to a minimal dominating set of G. That is, the generation of
a minimal dominating set of G via a minimal dominating set of a subgraph of
G can be very efficient. This will be explored in Theorem 1.

In contrast, since |S ∪S−f −S ∩S−f | equals the number of nodes in the graph
|V |, this implies that deriving S−f from S may require the removal of many
nodes from S. That is, since the difference of S and S−f can be immense, it
could be more expensive (in time) to generate S−f from S in comparison to
the derivation of S from S−f . This will be evidenced in Theorem 2.

Furthermore, as indicated in Corollary 1 and analogous to Theorem 1, the
sizes of minimum dominating sets of G−f , G and G+e are rather close.
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3.1 A minimal dominating set of G+e

Below is the detailed explanation on constructing a minimal dominating set
of G+e from a minimal dominating set of G.

Let S be a minimal dominating set of G = (V,A) and e = (x, y) 6∈ A. Since
G ⊂ G+e and according to Lemma 1(1), S is a dominating set of G+e. To
derive a minimal dominating set of G+e from S, we have the following two
cases: (1) x 6∈ S and (2) x ∈ S.

(1) If x 6∈ S, we will claim that S is a minimal dominating set of G+e by the
definition of a minimal dominating set.

Since S is a minimal dominating set of G, then for each s ∈ S there
exists node w ∈ (V − S) ∪ {s} such that w cannot be dominated by
any nodes of S − {s} in G. Since no new arcs from S − {s} to w is
inserted considering that e = (x, y) and x 6∈ S, this node w cannot be
dominated by any nodes of S−{s} in G+e either. Therefore, S is a minimal
dominating set of G+e from the definition of a minimal dominating set.

Therefore, for a given minimal dominating set S of G = (V, A) and arc
e = (x, y) 6∈ A, the above proved that S is a minimal dominating set of
G+e if x 6∈ S.

(2) If x ∈ S, we will claim that S may not be a minimal dominating set
of G+e. To derive a minimal dominating set of G+e from S under this
situation, we need to consider the two subcases: (i) y ∈ S and (ii) y ∈
V − S.

(i) If nodes x, y ∈ S, the insertion of e might make y redundant only
if each node of {w|(y, w) ∈ A,w 6∈ S} can be dominated by a node of
S − {y} (Figure 2(i)). That is,

{w|(y, w) ∈ A,w 6∈ S} ⊆ {v|(s, v) ∈ A, s ∈ S−y} (1)

where S−y = S−{y}.
Moreover, if S−y is a dominating set but not a minimal dominating set

of G+e, then there exists s′ ∈ S−y such that S−y − {s′} is a dominating
set of G+e. This will result in S−{s′} being a dominating set of G which
is contradictory to the fact that S is a minimal dominating set of G.
Therefore, S − {y} is a minimal dominating set of G+e.

Similarly, it can be proven that S is a minimal dominating set of G+e

if Formula (1) does not hold.
(ii) If node x ∈ S but node y ∈ (V − S), the insertion of e might

cause a node u ∈ S that dominates node y in G to be redundant. Let
S−u = S−{u}. A node u ∈ S is redundant if the following formula holds:

(u, s ∈ S) ∧ (u 6= s) ∧ ((s, u), (u, y) ∈ A)∧
[{v|(u, v) ∈ A, v ∈ V −S∪{y}}⊆{w|(s′, w) ∈ A, s′ ∈ S−u}]. (2)
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Fig. 2. S, S+e and S−f are minimal dominating sets of G, G+e and G−f respectively.

That is, each node that dominated by u is also dominated by other node
in S as depicted in Figure 2(ii). It should be noted that such node u is
unique if it exists (otherwise, it will be contradictory to the assumption
that S is minimal). In this situation, it can be proven that S−{u} is a
minimal dominating set of G+e. Similarly, if there does not exist such node
u satisfying Formula (2), it can be proven that S is a minimal dominating
set of G+e as each u ∈ S such that (u, y) ∈ A is not redundant in G+e.

Through summarizing the above, we have the following result on a single arc
insertion.

Theorem 1 Let S be a minimal dominating set of G = (V, A) and suppose
that e = (x, y) 6∈ A where x, y ∈ V . Then

S+e =





S−{y} if x, y∈S and Formula (1) holds;

S−{u} if ((x, y)∈S×(V −S)) and Formula (2) holds for node u;

S otherwise.

is a minimal dominating set of G+e = (V, A ∪ {e}).

The above result says that, for any given minimal dominating set S of G, there
exists a minimal dominating set S+e of G+e such that S+e can be derived by
removing at most one node from S. That is,

S − {w} ⊆ S+e ⊆ S (3)

holds for a node w ∈ S and S+e can be set to S if e = (x, y) is in (V −S)×V .

To use Theorem 1 on inserting a set of arcs I, a straightforward way is to
divide I into two disjoint subsets I1 and I2; I1 is the subset of I where x ∈ S
for each arc (x, y) in I and I2 is the set of the rest arcs of I. By Theorem 1, S,
the minimal dominating set of G, is a minimal dominating set of G′ = G+I2 .
Thus, a minimal dominating set S+I of G+I can be constructed from S and G′

rather than scratch built from S and G. This strategy can be more efficient on
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generating a minimal dominating set of G+I as some operations on the arcs
of I2 can be avoided.

3.2 A minimal dominating set of G−f

Let S be a minimal dominating set of G = (V,A) and f = (x, y) ∈ A. As
indicated in Figure 1, a minimal dominating set of G−f can be very different
from S. However, since it can easily prove that S ∪ {y} is a dominating set
of G−f , a minimal dominating set of G−f can be derivable from S ∪ {y} and
may require the removal of many S nodes. Below is the detailed explanation.

(1) S is a minimal dominating set of G−f if f 6∈ A ∩ [S × (V − S)]. In
this situation, S is a dominating set of G−f as each node of V − S is
still dominated by a node of S in G−f . Moreover, since G−f ⊂ G and
according to Lemma 1(2), S is a minimal dominating set of G−f .

(2) Otherwise, S may not be a minimal dominating set of G−f if f ∈ A ∩
[S × (V − S)]. In this situation, the deletion of f = (x, y) requires node
y to be added into S if node y is not dominated by S in G−f any more.
Sequentially, this may result in some other nodes of S to become redun-
dant. Specifically, from Lemma 1(2), S is a minimal dominating set of
G−f if

{w|(w, y) ∈ A−f} ∩ S 6= ∅ (4)

holds for A−f = A−{f}. Or else, S ∪{y} is a dominating set of G−f but
may not be a minimal.

In order to derive a minimal dominating set S ′ of G−f from S ∪ {y},
some redundant nodes of S∪{y} in G−f need to be removed as indicated
in Example 1. In the following, we show that a minimal dominating set
S ′ ⊆ S ∪ {y} of G−f can be derived in terms of arcs insertion through
using Theorem 1.

Let G′ = (V, A′) where A′ = A−A∩ ({y}×V )−{f}. It can be proven
that S ′ = S∪{y} is a minimal dominating set of G′. Therefore, a minimal
dominating set of G−f can be derived from S ∪ {y} through repeatedly
inserting an arc of (i) A∩ ({y}×S) and (ii) A∩ ({y}× (V −S)) into G′.
Thus, according to Theorem 1, a redundant node of S ∪ {y} in G−f can
only be a node of

{s|(y, s) ∈ A ∩ ({y} × S)}, (5)

or

{s|(s, w) ∈ A ∧ (y, w) ∈ ({y} × (V − S))}. (6)

The above discussion leads Theorem 2 on a single arc deletion.

Theorem 2 Let S be a minimal dominating set of G = (V,A) and f =

7



(x, y) ∈ A. Let denote I = A ∩ ({y} × V )− {f} and G′ = (V,A− I). Then

S−f =





S ′ where S ′ ⊆ S ∪ {y} is a minimal dominating set of G′
+I

if (x, y)∈S×(V −S) and {w|(w, y)∈A−f , w∈S}=∅ hold;

S otherwise.

is a minimal dominating set of G−f = (V, A− {f}).

Example 2 We illustrate Theorem 2 with Figure 2(iii). Since {w|(w, y) ∈
A−f} = ∅ (i.e., Formula (4) does not hold), S ′ = S ∪ {y} is a dominating set
of G−f . By Formula (5) and Formula (6),

{s|(y, s) ∈ A ∩ ({y} × S)} = {s1, s2},
and

{s|(s, w) ∈ A ∧ (y, w) ∈ ({y} × (V − S))} = {u}.

Let A′ = A − A ∩ ({y} × V ) − {f} = {(s, u), (s, w3), (u,w2), (s1, w1)}. Then
S ′ is a minimal dominating set of G′ = (V,A′) as stated in the proof of The-
orem 2. With G′ and S ′, we will derive S−f through inserting arcs of (i)
A ∩ ({y} × S) = {(y, s1), (y, s2)} and (ii) A ∩ ({y} × (V − S)) = {(y, w2)}
into G′. From Theorem 1, the insertion of arc (y, s2) makes node s2 redun-
dant and the insertion of arc (y, w2) makes node u redundant. Therefore,
S−f = {x, y, s, s1, s3}.

Similar to the situation of inserting a set of arcs, a straightforward application
of Theorem 2 on the deletion of arc set D can be performed by first deleting
D2 and then deleting D1; where D1 is the set of arcs of D ∩ [S× (V −S)]
and D2 = D −D1. Theorem 2 ensures that S is a minimal dominating set of
G−D2 = (V, A−D2).

3.3 Size bound on the minimum dominating sets

Generally, as indicated in Example 1, it may not find a minimal dominating set
S−f of G−f that is close to a given minimal dominating set S of G. However,
we have the following interesting result for the minimum dominating sets of
G, G+e and G−f .

Corollary 1 Let G = (V, A) be a digraph and f ∈ A and e ∈ (V × V )− A.
Then

γ(G+e) ≤ γ(G)≤ γ(G−f ), (7)

γ(G−f )− 1 ≤ γ(G)≤ γ(G+e) + 1 (8)
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hold.

Proof: Clearly, Equation (7) holds as each dominating set of G−f is a domi-
nating set of G and, consequently, is a dominating set of G+e.

By Theorem 1, it derives that γ(G) ≤ γ(G+e)+1 holds. Again from Theorem 1,
it derives that γ(G−f ) ≤ γ(G) + 1 or γ(G−f ) − 1 ≤ γ(G) holds. Therefore,
Equation (8) holds. 2

Different from those properties on the minimum dominating set such as those
of [1,2,4], Corollary 1 describes the relation among γ(G), γ(G+e) and γ(G−f )
and shows they are very close in sizes.

Let SM be a minimum dominating set of G. From Corollary 1, Theorem 2 can
be simplified by using SM . That is, there exists a minimal dominating set S−f

of G−f such that S−f ⊆ SM ∪ {y} and S−f can be derived by removing at
most one node from SM ∪ {y}.

4 Conclusions

In this paper, we have investigated how a minimal dominating set of G varies
in G+e and G−f . With the paper’s results, a dominating set of an updated
graph can be constructed from a dominating set of the original graph without
overly processing the whole graph. We indicate that a minimal dominating
set of G+e can be efficiently derived from a minimal dominating set of G and
both of which share a high level of similarity to each other. We also show the
situation for decremental is different. That is, there may not exist a minimal
dominating set of G−f that is close to the size of a given minimal dominating
set of G. However, a minimal dominating set of G−f can be derived from
a minimal dominating set of G through adding a node and deleting some
“closer” nodes.

Our future work will evaluate the efficiency of this technique in reality. Fur-
thermore, it is also interesting to study the approximation of the minimum
dominating set of G through the use of Corollary 1.
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