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ABSTRACT KEYWORDS

Numerical features (e.g., statistical features) are widely used in rec-
ommender systems and online advertising. Existing approaches for
numerical feature representation in industry are primarily based
on discretization. However, hard-discretization based methods (e.g.,
Equal Distance Discretization) are deficient in continuity while soft-
discretization based methods (e.g., AutoDis) lack discriminability.
To emphasize both continuity and discriminability for numerical
features, we propose an end-to-end representation learning frame-
work named NaryDis. Specifically, NaryDis first leverages hybrid
n-ary encoding as an automatic discretization module to generate
hybrid-grained discretization results (multiple encoded sequences).
Each position of the encoded sequence is assigned with a positional
embedding and an intra-ary attention network is leveraged to ag-
gregate the positional embeddings for obtaining ary-wise represen-
tations. Then an inter-ary attention is adopted to assemble these
representations, which are further constrained by a self-supervised
regularization module. Comprehensive experiments on two public
datasets are conducted to show the superiority and compatibility of
NaryDis. Besides, we deeply investigate the properties of continuity
and discriminability. Moreover, we further verify the effectiveness
of NaryDis on a large-scale industrial advertisement dataset.
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1 INTRODUCTION

Click-Through Rate (CTR) prediction [29] is critical for industrial
recommender systems [8, 14] and online advertising [23, 26], which
estimates the probability of a user clicking an item in a certain
context. Existing deep CTR models follow the Embedding & Feature
Interaction (FI) paradigm [2, 11, 37], where the Embedding module,
as the cornerstone for CTR models [17], is responsible for producing
informative feature representations and the FI module specializes
in effectively modeling feature interactions [41]. The features used
in industrial CTR prediction scenarios include categorical features
and numerical features. The domain of value is enumerable for
categorical features (e.g., Gender = {male, female}) while infinite
for numerical features (e.g., Number of Clicks = {0,1,2,...}).
Besides, there is a magnitude relationship between the feature
values (e.g., 10 is larger than 2) for numerical features, which is
untenable for categorical features. Due to the infinity, continuity as
well as magnitude property of numerical features, it is essential for
the representation of the numerical features to retain continuity
for similar features as well as discriminability for distinct features.

Existing research for numerical feature representation can be cat-
egorized into two groups: non-discretization and discretization. The
former uses the transformation of features as representations, which
suffer from low capacity and compatibility. The latter is commonly
used in industrial scenarios [18, 25], which can be further divided
into two sub-categories: 1) Hard-discretization that allocates each
feature into a single deterministic bucket; 2) Soft-discretization
that maps each feature into a probabilistic distribution over multiple
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Figure 1: The subgraph above illustrates the continuity and decrim-
inability of the numerical system; the subgraph below illustrates
the “collision risks” and the solution.

buckets. Hard-discretization methods leverage pre-defined rules or
pre-trained models to divide features into a deterministic bucket,
which cannot guarantee either continuity or discriminability. Re-
cently proposed AutoDis [10] uses an automatic soft-discretization
module, projecting each feature into a probabilistic distribution
over multiple buckets, ensuring superior continuity. However, this
approach has poor discriminability (evidence provided in Section
4.3). The reason for this situation is that the automatic discretization
module parameterized by a neural network is an implicit black-box
procedure and the projecting distribution is highly dominated by
the weights of neurons.

In fact, the numbers themselves give us a clue to emphasize
both continuity and discriminability, i.e., the positional numeral
system [5]. In the binary numeral system, all integers can be rep-
resented as a unique sequence of digits (non-collision), where each
position takes one digit from a standard digit set Dy = {0, 1}. For
example, integers in [0, 1024) can be represented as 10 digits such
regarded as a discretization. Moreover, the encoding process is de-
terministic and non-parametric, which can be computed on-the-fly.
As shown in the upper subgraph in Figure 1, discretization via posi-
tional numeral system not only ensures the superior continuity of
discretized results w.r.t. the original numerical features (e.g., similar
feature values “45” and “46” have similar sequences of digits), but
markedly improves the discriminability (e.g., the sequences of digits
for distinct feature values “46” and “957” are distinct). Nevertheless,
using the single n-ary positional numeral system for discretization
is confronted with two individual “collision risks” (shown as the
lower subgraph in Figure 1):

e Carry. Numbers around the carry border (power of base) are
usually converted to dis-similar discretized results despite their
similar values, such as values “63” and “64”.

e Modulo congruence. Numbers that modulo congruent to a high po-
sitional value are usually converted to similar discretized results
despite their dis-similar values, such as 63 = 575 (mod 2°).

Fortunately, both risks can be easily solved by using hybrid n-ary
positional numeral systems as they have diverse carry borders and
positional values. For example, the carry borders and positional
values are {2°, 21, 22, ...} in binary, while {39 31 32 ...}in
ternary. Therefore, the “collision risks” existing in binary may be
solved in ternary, which is shown in the lower subgraph in Figure 1.
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Inspired by the hybrid n-ary positional numeral systems, we

propose an end-to-end automatic discretization and representa-
tion learning framework for numerical features (NaryDis), which
emphasizes both continuity and discriminability. The architecture
of NaryDis is depicted in Figure 3. Specifically, NaryDis utilizes
hybrid n-ary encoding to generate multiple sequences for each
feature in a hybrid-grained manner, so that different encoded se-
quences will complement each other to alleviate the “collision risks”
mentioned above. Then each position of the encoded sequence is
assigned with a shared positional embedding for modeling global
knowledge. To identify the importance of different positions in the
sequence, we leverage a light-weight intra-ary attention network
to distinguish and aggregate those positional embeddings, thus
obtaining the corresponding ary-wise representation. Finally, an
inter-ary attention network is adopted to assemble these ary-wise
representations for learning the final representation. Furthermore,
an auxiliary self-supervised regularization module is introduced
to provide constraint signals because different ary-wise represen-
tations of the same numerical feature can be regarded as various
views.
Our main contributions are summarized as follows:

e We propose NaryDis, a hybrid n-ary encoding-based automatic
discretization and representation learning framework for numer-
ical features, which ensures prominent continuity and discrim-
inability in an end-to-end manner.

e In NaryDis, we utilize the hybrid n-ary encoding to discretize the
numerical features with different granularities. Besides, hierar-
chical intra-ary and inter-ary attention are elaborated to discrim-
inate the importance of different positions and n-ary encodings,
respectively. Moreover, an auxiliary self-supervised regulariza-
tion module is designed to provide constraint signals.

e Comprehensive experiments on two publicly available datasets
are conducted to demonstrate the superiority of the NaryDis
framework. In addition, NaryDis is compatible with various deep
CTR models by improving their performance significantly, and
we deeply investigate the properties of continuity and discrim-
inability. Moreover, we further verify the effectiveness over a
large-scale industrial advertisement dataset.

2 RELATED WORK

Numerical features are widely used in recommender systems and
online advertising. Existing representation learning approaches
for numerical features can be categorized into two groups: non-
discretization and discretization. The non-discretization methods do
not discretize the features but transform them via various functions,
which suffer from low capacity and compatibility [10]. DMT [9] and
YouTube DNN [6] use the normalized, square, and square root of
numerical features as the representations directly without learning
embeddings. Differently, DLRM [24] adopts a neural network to
transform all numerical features into an instance-level embedding
while DeepFM [11] and Autolnt [30] share a uniform field-level
embedding (FE) for all the intra-field features and then multiply
the FE with their feature values.

Discretization-based approaches, are extensively used in indus-
trial scenarios [18, 25], which can be further divided into two
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sub-categories: hard-discretization and soft-discretization. Con-
cretely, hard-discretization allocates each feature into a single de-
terministic bucket via pre-defined rules or pre-trained models, such
as Equal Distance/Frequency Discretization [25], Logarithm-based
Discretization [18], and Tree-based Discretization [7, 19]. These
hard-discretization methods cannot be optimized with the ultimate
prediction goal, as well as lack continuity and discriminability. Ad-
ditionally, soft-discretization is proposed by AutoDis [10], which
maps each feature into a probabilistic distribution via a differen-
tiable discretization module - a neural network, ensuring superior
continuity. However, the projecting procedure via a neural network
is an implicit black-box and the allocation probability is highly
dominated by the weights of neurons, resulting in unsatisfying
discriminability. To guarantee both continuity and discriminability,
we propose a hybrid n-ary encoding-based automatic discretization
and representation learning framework NaryDis.

3 METHODOLOGY

3.1 Vanilla Model

3.1.1 Input. Specifically, the dataset for training CTR models con-

sists of instances (x, y), where each input record includes P numeri-

cal fields! and Q categorical fields x = [x1,x2,...,Xp; X1, X2, ..., XQ],
S e —

scalars one-hot vectors

and y € {1, 0} is the label.

3.1.2  Embedding. For the i-th categorical field, the feature em-
bedding can be obtained by embedding look-up operation [39]:
e; = x; - E;, where E; € R™ %k is the embedding table, n; and k
are the vocabulary size and embedding size, respectively. For the
i-th numerical field, the embedding can be obtained by various
approaches: e; = Func_num(x;), where Func_num(-) indicates a
specific numerical feature representation method, such as Equal
Distance Discretization [25], AutoDis [10] and NaryDis.

Inspired by the hybrid n-ary positional numeral systems, we
innovatively propose a binary encoding-based automatic discretiza-
tion module, which is shown in Figure 2. Specifically, a numer-
ical feature x; is first encoded into a sequence of d-dimensional
binary digits X; € {0, 1} via the decimal-binary conversion pro-
cedure [28]. Then the soft discretization distribution X; € RY is
obtained by the normalization of L;-norm, i.e., )’Zi = H))((ﬁ’ where
the j-th element x;; represents the selection probability of the j-th
position.

To capture the shared global knowledge, each position (a.k.a.,
bucket) in the binary sequence is assigned with a positional em-
bedding (a.k.a., bucket embedding). These positional embeddings
form a field-specific positional embedding matrix E; € R4k _Fj-
nally, the representation of feature x; can be obtained by the aggre-
gation operation fagg(+):

e; = Func_num(x;) = fagg (Xi, E:). (1)
To simplify, we use weighted pooling as the aggregation operation.

Similar to AutoDis, binary encoding-based automatic discretiza-
tion also performs soft-discretization with discretized distribution
X;. The decimal-binary conversion process not only ensures the

'We use “field” to represent a class of features following [18] and “feature” to represent
a value of a specific field, e.g., Gender is a field and female is a feature of Gender field.
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Figure 2: The binary encoding-based discretization module.

superior continuity of discretization results w.r.t. the numerical
features, but markedly improves the discriminability.

3.1.3  FI & Prediction. Based on the generated embeddings, the
CTR prediction is obtained through different FI module [32, 40]:

§ =Func_FI([ei,es...,ep; er,ez....,e0 ]), ()
R —

numerical embed categorical embed

where ¢ is the predicted CTR, Func_FI(-) indicates the FI mod-
ule of different CTR models, such as inner product in IPNN [25],
Multilayer Perceptron (MLP) in DeepFM [11], feature crossing in
DCN [34], and automated feature interaction functions [41].

3.2 NaryDis

In this section, we elaborately present NaryDis, a pluggable repre-
sentation framework for numerical features that is compatible with
various deep CTR models. The architecture of NaryDis is depicted
in Figure 3, which contains four core modules. Specifically, a hybrid
n-ary encoding module is proposed to generate multiple sequences
for each feature in a hybrid-grained manner. Then hierarchical
intra-ary and inter-ary attention modules are utilized to distinguish
the importance of different positions in each sequence and n-ary
encodings, respectively. Moreover, a self-supervised regularization
module is deployed to constrain the ary-wise representations and
jointly optimize with the primary task.

3.2.1 Hybrid n-ary Encoding. Although binary encoding-based
discretization contributes to achieving both continuity and dis-
criminability, there exist two kinds of potential “collision risks”. As
shown in Figure 1, influenced by the carry, though values “63” and
“64” are quite close, their discretized results under binary encoding
are significantly different (7 digits are opposed). Whereas values
“63” and “575” share similar results (only 1 bit is flipped) though
their values are extremely different due to the modulo congruence.
To overcome these risks existing in the single n-ary encoding situa-
tion, we introduce hybrid n-ary encoding. Specifically, even though
some similar values have different results after binary encoding,
their results under other encodings (e.g., ternary) may be similar.
Meanwhile, some distinct values may share a large proportion of
identical results in binary encoding, but their results under other
encoding settings may be completely different, which is illustrated
in Figure 1.
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Figure 3: The architecture of NaryDis.

For the purpose of eliminating the “collision risks” in single n-ary
encoding-based discretization, hybrid n-ary encoding is utilized.
Concretely, NaryDis leverages different encoding setting N to con-
vert feature x; into multiple sequences: namely X; = {X?, X?, o h
where X! denotes the n-ary encoded sequence (a.k.a., base-n, where
n is an integer greater than 1). The length of the sequence X7 is rep-
wxfy Te {01, ..,n—1}dn,

n

n_ n ..
resented as dj,, namely X! = [le’ xp,

3.2.2  Intra-ary Attention. For a n-ary encoded sequence X7, each

position can be regarded as a discretized bucket in the hard-discretization

methods. Inspired by the gating mechanism used in MMoE [22],
NaryDis proposes a gate-based intra-ary attention network to dis-
criminate the importance of different positions. In particular, a
light-weight field-wise gating unit G} = [g}}, g}, - -, 8], dn] is pro-
posed, where g?j is a scalar that represents the gating weight for
the j-th position of the n-ary encoded sequence. Then the gating
unit G is multiplied with sequence X! before being normalized
via a Softmax function. Thus, we attain the soft discretization dis-
tribution under the n-ary encoding, which is jointly determined
by the encoded sequence and the gate-based attention network:
)A(:’ = Softmax(Mask(X! ©G?)), where © is the Hadamard product.
Each element 551'3 is defined as:

exp(x™gh /1)
551"1 = Softmax(xfjgfj) =— Y2y R (3)
n n n
S0 exp(xll, gt 7)

where 7 is the temperature coefficient to control the distribution.
Besides, to learn the globally shared intra-field knowledge, a field-
specific positional embedding matrix E € R4 ¥k i5 assigned for
the i-th field with the n-ary encoding. Hence, the representation of
feature x; under the n-ary encoding can be expressed as:

dn
el = > FLEL. (4)
Jj=1

3.2.3 Inter-ary Attention. After obtaining the ary-wise representa-
tions under different encoding setting N, i.e., &; = {e?, e?, ...}, the
next step is to assemble them and obtain the final representation.
One of the most pervasive approaches is to select an optimal rep-
resentation via AutoML-based methods like Gumbel-Softmax [16].

However, we argue that this hard-selection approach is sub-optimal
because selecting a single representation may encounter the above-
mentioned “collision risks”. Additionally, hybrid n-ary encoding can
be regarded as discretization with different granularities and these
representations are conducive to depicting features comprehen-
sively.

Therefore, NaryDis leverages an inter-ary attention network
to soft-select and assemble these representations adaptively w.r.t.
the feature field. It is noteworthy that the soft-selection process is
field-aware because the importance of the same feature value is
different for various fields, such as feature “25” in Temperature field
and Price field. Concretely, in order to take both feature field and
feature value into consideration, we multiply the normalized feature
value %; with a shared field-wise vector v; € R¥ to obtain a feature-
aware vector V; € RK. Then, an attention network is leveraged
to discriminate the contributions of different representations by
calculating their relevance score w}":

w;' =MLP([e} [IVill (e} ©Vi)]), ®)

where || denotes the concatenation operation and MLP(+) is a three-
layer neural network with ReLU activation function. Finally, the
representation of feature x; can be obtained by an attentive pooling
whose weights are calculated by normalizing the above relevance
scores using Softmax, namely:

e; = Z Softmax(w]')el! = Z i (6)

exp(wf)
— i el
neN neN Zn'eN exp(wi" )

where N is the selected encoding setting.

Finally, the embeddings of both categorical and numerical fea-
tures are concatenated and fed into a deep CTR model to obtain
the predicted CTR g, as shown in Equation (2).

3.24  Self-supervised Regularization. The ary-wise representations
of feature x; under different encoding setting &; = {e?,e?, .
can be regarded as |N| different views, which are different data
augmentation for the same feature natively and supposed to be
close in the latent space. Therefore, we adopt contrastive learning
to provide self-supervised regularization signals, constraining dif-
ferent representations in &; to tend to be similar. Specifically, we
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first sample a pair of representations from &;, which are two data
augmentation views for the same feature x;, namely:
P

e — sample(&-),e? «— sample(&;). (7)

Then a three-layer neural network with ReLU activation function is
leveraged to transform the representations into a hidden space and
obtain a pair of hidden vectors, that is:

2l =MLP(el),z! = MLP(e?). ®)

Hence, we treat (zf, z?

pairs fori # i’.

We follow the SimCLR framework [3] that is widely applied in
computer vision [13] and recommendation [36, 38] and use the
contrastive loss InfoNCE [12] to maximize the similarity of positive
pairs and minimize that of negative pairs by:

0 q
1 exp(s(zl,27) [7551)
Lssl = _5 ; logZQ

=1 exp(s(z‘f, Zl-q/)/'[ssl)

) as positive pairs and (zf7 , z?,) as negative

©)

where 7, is the softmax temperature and s(-) measures the similar-
ity between two hidden vectors, which is calculated by s(zf , z?) =
(z‘f, z?)/(||zf|| . ||z?||). Q is the total number of training instances.

3.3 Training

To optimize the CTR prediction task [29] as well as enable the
similarity regularization of contrastive learning, we adopt a multi-
task training paradigm where the main supervised CTR task and
the auxiliary regularization task are jointly optimized:

L=Lerr+a- Lgg, (10)

where « controls the self-supervised regularization strength. The
loss function of CTR main task is the widely-used LogLoss with a
regularization term:

Q
1 N N
Lerr = ) E yilog(f:) + (1 = yi) log(1 = i) +AlI®l]2, (1)
i=1

where y; and §; are the ground truth label and the predicted CTR
of the i-th instance, respectively. Hyper-parameter A is the Ly reg-
ularization weight. © = {®ca; Emp> ONaryDiss OcTR} are the pa-
rameters of feature embeddings in categorical fields, parameters of
NaryDis (i.e., Eq.(3-9)) as well as deep CTR model (i.e., Eq.(2)).

3.4 Discussion

3.4.1 Connections and differences with existing methods. In this
subsection, we discuss the connections and differences between
NaryDis and the existing methods. For the Non-Discretization meth-
ods, YouTube [6] and DLRM [24] transform the numerical features
directly without learning embeddings. Besides, the field-level em-
bedding (FE) [11, 30] can be viewed as a special case of NaryDis,
which corresponds to the base of infinity (i.e., base-co). In this
case, the encoded sequence X;° only contains one position. For
the Hard-Discretization methods [18, 19, 25], each feature is dis-
cretized into a single deterministic bucket via pre-defined rules
or pre-trained models. Instead, NaryDis is a soft discretization
solution, which discretizes each feature into multiple buckets (posi-
tions) with a probabilistic distribution. For the Soft-Discretization
method AutoDis [10], the discretized distribution is achieved by a
neural network, which cannot guarantee discriminability. NaryDis,
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Table 1: Statistics of evaluation datasets.

Dataset | #Num Fields | #Cats Fields | #Instances (x10°) | Positive Ratio
Criteo 13 26 45.8 25.6%
AutoML 23 51 4.69 5.8%

on the contrary, leverages the hybrid n-ary encoding to perform
mixed-granularity discretization, ensuring prominent continuity
and discriminability.

3.4.2 Complexity Analysis. In this subsection, we analyze the com-
plexity of NaryDis. Suppose the embedding size is denoted as k,
we select M different encoding setting (i.e., [N| = M) and set d as
the maximum length of encoded sequences. Hence, for a numerical
feature, the complexity of NaryDis is O(Mdk). Our experimental
study in Section 4.4 shows that good performance can be achieved
at a small M(3 ~ 4). Besides, the length of encoded sequences d is
also small (10 ~ 20) since a small exponent can represent a large
range of values, e.g., 510 = 9765625. Therefore, the complexity of
the NaryDis is comparable to AutoDis, whose complexity is O (hk),
where h denotes the number of meta-embeddings (buckets).

3.4.3 Compatibility Analysis. NaryDis is a model-agnostic frame-
work for numerical feature representation learning, which can be
applied seamlessly to mainstream embedding-based deep models,
such as DNN [39], DCN [34], PNN [25] and etc. Furthermore, some
models from the Factorization Machines family [27] (e.g., FFM [18]
and DeepFM [11]) that requires equal-length embeddings are also
applicable. This framework can be generalized well to various deep
models and the compatibility study is elaborated in Section 4.2.2.

4 EXPERIMENTS
4.1 Experimental Setting

4.1.1 Datasets. To evaluate the effectiveness of the proposed Nary-
Dis, we conduct extensive experiments on two popular bench-
marks: Criteo, AutoML, whose statistics are summarized in Table 1.

e Criteo dataset (with 13 numerical feature fields, where the feature
values are non-negative integers) is published in Criteo Display
Advertising Challenge 2013, which is extensively used in evalu-
ating CTR models.

e AutoML dataset is published from “AutoML for Lifelong Machine
Learning” Challenge in NeurIPS 2018°, containing 23 numeri-
cal feature fields where the feature values include (positive and
negative) integers and floating-point numbers.

4.1.2  Evaluation Protocols. We leverage AUC and LogLoss, which
are the commonly used metrics in CTR prediction, to evaluate the
performance. All the experiments are repeated 5 times by changing
the random seeds. The two-tailed unpaired ¢-test [1] is performed
to detect the significance of NaryDis.

4.1.3 Baselines. To demonstrate the effectiveness of NaryDis, we
compare it with two categories of representation learning methods
for numerical features:

(1) Non-Discretization methods

https://www.kaggle.com/c/criteo-display-ad-challenge
3https://www.4paradigm.com/competition/nips2018
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e YouTube that uses square and square root of the normalized
numerical features [6], i.e, e = [J?f,)?l, Vi, .. 3%12, xp, \/JE_]

e DLRM that uses a multi-layer perception to transform all nu-
merical features into an instance-level embeddings [24], i.e., e =
MLP([x1,x2,...,xp]).

o FE that shares a uniform field-level embedding (FE) for all the
intra-field features [11, 30], i.e., e = [x1 - €1,...,xp - ep].

(2) Discretization methods
Hard-Discretization:

e EDD (Equal Distance Discretization) partitions the feature values
into equal-width buckets [25].

e LD (Logarithm-based Discretization) utilizes the logarithm and
floor operation to transform the numerical features to categorical
form [18], i.e., X; = floor(log(x;)?).

e TD (Tree-based Discretization), i.e., DeepGBM [19].

Soft-Discretization:

e AutoDis leverages a neural network to perform automatic soft
discretization [10].

e NaryDis and the Vanilla version (in Section 3.1) are our pro-
posed methods.

Moreover, to validate the compatibility of NaryDis framework
with various embedding-based deep CTR models, we apply NaryDis
to five representative models: DNN [39], DeepFM [11], DCN [34],
IPNN [25], and DCN-V2 [35].

4.1.4  Hyper-parameter Settings. According to the settings of Au-
toDis [10], we keep the same hyper-parameters for all the baselines,
including embedding size and network architecture. Specifically,
for NaryDis, all the numerical features are converted to integers.
We magnify floating-point numbers to integers (e.g., 0.35 — 35)
and set up a sign bit for identifying positive and negative numbers.
The default encoding setting is binary to decimal. All the models
are optimized with mini-batch Adam [20], where the learning rate
is searched from {1e-3, 2e-3, ..., le-2}. Batch Normalization [15]
and Dropout [31] is applied to avoid overfitting. Besides, the hid-
den layers of MLP network is 80-40-1 in the inter-ary attention
network and 64-64-64 in the self-supervised regularization module.
The weight of Ly regularization [21] A is tuned in {1e-5, 5e-5, ...,
le-2} and the self-supervised regularization strength « is tuned in
{0.1,0.2, ..., 1.2}. For the softmax temperature, we use an annealing
scheme max(0.1,1 — 0.00005 - ¢), where ¢ is the training step.

4.2 Overall Performance

In this section, we evaluate the effectiveness and compatibility
of NaryDis. We first compare NaryDis with the state-of-the-art
representation learning methods and then apply NaryDis to five
popular deep CTR models and report the improvements.

4.2.1  Comparison with other methods. We select DeepFM as the
backbone CTR model and compare different numerical feature rep-
resentation learning methods. The overall performance is reported
in Table 2, from which we have the following observations:

e Firstly, comparing the non-discretization and discretization ap-
proaches, we find that non-discretization approaches perform
generally worse than discretization. This suggests that suffering
from low capacity, non-discretization methods are insufficient to
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Table 2: The overall performance comparison. Boldface denotes the
highest score and underline indicates the best result of the baselines.
* represents significance level p-value < 0.05 of comparing NaryDis
with the best baselines.

Category Method Criteo AutoML

AUC LogLoss AUC LogLoss

YouTube 0.8104 0.4437 0.7382 0.1928

Non-Discretization | DLRM 0.8114 0.4404 0.7525 0.1900

FE 0.8107 0.4412 0.7523 0.1899

EDD 0.8125 0.4399 0.7545 0.1898

Discretization LD 0.8138 0.4388 0.7527 0.1899

TD 0.8130 0.4392 0.7531 0.1899

AutoDis 0.8152 0.4370 0.7562 0.1892

NaryDis (vanilla) 0.8154 0.4368 0.7564 0.1892
NaryDis 0.8162*  0.4361* | 0.7575* 0.1889*

Rel Improv. 0.12% 0.21% 0.17% 0.16%

capture the complex feature interactions, thereby limiting the

performance improvement.
o Secondly, the performance of AutoDis verifies that soft-discretization
can improve the quality of representation learning. As demon-
strated in Table 2, AutoDis outperforms other methods by a large
margin in terms of both AUC and LogLoss. The reason is that,
rather than being decoupled from the model optimization like the
hard-discretization, soft-discretization is jointly optimized with
the deep CTR model. In addition, soft-discretization can better
preserve the continuity w.r.t. the original value due to the prob-
abilistic distribution. Nevertheless, the discretization results of
AutoDis are less discriminative, even for very distinct feature
values, thus leading to suboptimal representations.
Thirdly, by simply incorporating the binary encoding, the vanilla
version of NaryDis outperforms the state-of-the-art methods,
which demonstrates the benefits of n-ary encoding. Additionally,
the proposed NaryDis consistently yields the best performances
on all datasets. For instance, NaryDis surpasses the strongest
baseline AutoDis by 0.12% and 0.17% in terms of AUC on Criteo
and AutoML datasets, respectively. Actually, a small increase at
0.001-level in AUC is likely to yield a significant online CTR
improvement and huge profits [4, 25]. We attribute this great
improvement to the hybrid n-ary encoding that discretizes the
features with different granularities, enhancing the expressive-
ness. Besides, the intra-ary and inter-ary attention are conducive
to discriminating the importance of different positions and n-ary
encodings, facilitating learning informative embeddings.

4.2.2  Compatibility with different CTR models. Our proposed Nary-
Dis is a flexible representation learning framework that is compat-
ible with various deep CTR models. To verify the compatibility,
we apply NaryDis and the strongest baseline AutoDis to a series
of popular models to compare their performances on the public
datasets Criteo and AutoML, whose results are presented in Ta-
ble 3. We observe that compared with the field-level embedding
(FE) [11], AutoDis, and NaryDis significantly improve the predic-
tion performances of all models, which shows the effectiveness
of the soft-discretization. Compared to AutoDis, NaryDis consis-
tently outperforms. Moreover, the average AUC and Logloss gain
are 0.23% and 0.27% respectively, verifying that NaryDis is com-
patible with various deep models and can steadily enhance their



Numerical Feature Representation with Hybrid N-ary Encoding

Table 3: Compatibility Study of NaryDis.

Criteo AutoML
Backbone Model Method ATC TogLoss A0C TogLoss
FE 0.8059 0.4456 0.7383 0.1926
DNN AutoDis 0.8092 0.4426 0.7453 0.1907
NaryDis | 0.8133*  0.4390* | 0.7465*  0.1906
Rel Improv. | 0.51% 0.81% 0.16% 0.05%
FE 0.8107 0.4412 0.7523 0.1899
DeepEM AutoDis 0.8152 0.4370 0.7562 0.1892
NaryDis | 0.8162* 0.4361* | 0.7575* 0.1889*
Rel Improv. | 0.12% 0.21% 0.17% 0.16%
FE 0.8091 0.4425 0.7489 0.1909
DCN AutoDis 0.8132 0.4395 0.7511 0.1898
NaryDis | 0.8137* 0.4384* | 0.7540* 0.1894*
Rel Improv. | 0.06% 0.25% 0.39% 0.21%
FE 0.8101 0.4415 0.7519 0.1896
IPNN AutoDis 0.8136 0.4383 0.7541 0.1894
NaryDis 0.8157*  0.4365* | 0.7552*  0.1892*
Rel Improv. | 0.26% 0.41% 0.15% 0.11%
FE 0.8093 0.4423 0.7510 0.1902
DCN-V2 AutoDis 0.8135 0.4385 0.7522 0.1898
NaryDis 0.8148*  0.4373* | 0.7549* 0.1893*
Rel Improv. | 0.16% 0.27% 0.36% 0.26%
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Figure 4: Visualization of the t-SNE transformed embeddings of
AutoDis, Binary Encoding (base-2), Novenary Encoding (base-9), and
NaryDis. Points with similar colors have similar feature values. The
embeddings of AutoDis retain continuity only. However, the re-
sults lack discriminability because the distances between different
points in the two-dimensional space are too small. By contrast, the
encoding-based solutions achieve more discriminative results.

performances. The improvement is especially obvious for DNN on
the Criteo dataset, NaryDis improves AutoDis by 0.51% and 0.81%
w.r.t. AUC and LogLoss, respectively.

4.3 In-depth Analysis

In this section, we further investigate NaryDis for a better un-
derstanding of the continuity and discriminability, as well as the
hierarchical attention mechanism.
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Figure 5: The intra-ary attention score of the 5-th numerical field
(with the most features) with different n-ary encoding. The x-axis is
the positions (right is low position) and the y-axis is n-ary encoding
(from binary to decimal). The space in the lower left corner is unused
positions.
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Figure 6: The partial inter-ary attention score of the 5-th numerical
field (with the most features) with different n-ary encoding. The
x-axis is the feature values (with small, medium, and large values)
and the y-axis is n-ary encoding (from binary to decimal).

4.3.1 Embedding analysis. To deeply investigate the properties of
hybrid n-ary encoding-based discretization, we visualize the em-
beddings for AutoDis, binary encoding (base-2), novenary encoding
(base-9), and NaryDis respectively. We first randomly select 250 em-
beddings that are derived from the 3-rd numerical field of the Criteo
dataset as [10] does for a fair comparison and project them onto
a two-dimensional space with t-SNE [33] as depicted in Figure 4.
Despite continuous, the embeddings of AutoDis are deficient in dis-
crimination, as the allocation probability is implicitly determined
by a neural network. When adopting a single n-ary encoding, Fig-
ures 7(b) and 7(c) show an increase in discriminability. Interestingly,
we note a pattern of clustering, and the size of each cluster grows
with the base number used for encoding. In addition, continuity is
also preserved in each cluster. The discontinuity among different
clusters is caused by the two “collision risk” issues, ie., carry and
modulo congruence. However, by assembling representations under
hybrid n-ary encodings, NaryDis solves these issues and provides
superior continuity and discriminability, which demonstrates the
effectiveness of our proposed NaryDis framework.

4.3.2 Attention analysis. To investigate the hierarchical attention
mechanism designed in NaryDis, we hence visualize the attention
scores of the 5-th numerical field (with the most features) for intra-
ary and inter-ary attention in Figure 5 and Figure 6, respectively.
From Figure 5, we find that as the position increases, the intra-
ary attention importance increases first and then decreases ()
generally. This phenomenon is slightly different from what we ex-
pected, that the attention importance increases () as the position
increases, because higher positions weigh heavier in n-ary encod-
ing. Our in-depth analysis finds that the hit rates for those high
positions are relatively low due to the limited occurrence frequency
of large feature values. Therefore, these large feature values with
low frequency are insufficient to support the adequate training of
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the corresponding parameters, so that the result is a compromise
between importance and occurrence frequency.

In Figure 6, we show the inter-ary attention scores with small,
medium, and large feature values. The figures show that the inter-
ary attention usually favors larger base numbers (e.g., 6 ~ 10), es-
pecially for the features with larger values. The reason is that the
“collision risk” occurs even less in the case of n-ary encoding with a
larger base due to larger carry borders and positional values. Partic-
ularly, we are delighted to find that there exists a periodical pattern
in the attention scores for each n-ary encoding. The reason is that
the inter-ary attention learns to decline the weight of the n-ary
encoding when approaching its carry borders and positional values,
so that avoids the potential “collision risks”.

4.4 N-ary Selection

From Section 4.3.2, we can observe that the inter-ary attention
network has a strong ability to choose the suitable encoding setting
for each feature. Therefore, a naive solution is to provide a large
encoding space N and let the inter-ary attention network decide
which to choose. However, this solution will bring high overhead.
To make NaryDis more efficient, we conduct experiments on the
selection of encoding space N by applying NaryDis to the backbone
DNN model. The size of encoding space varies from 1 to 4, and the
experimental results on the Criteo dataset are shown in Figure 7.
Several beneficial observations can be drawn from the results:

e NaryDis with a single n-ary encoding setting (i.e, |[N| = 1) al-
ready outperforms the strongest baseline AutoDis. Besides, using
a larger base (e.g., 6 ~ 10) can get a slightly better effect, which
is consistent with the observation in Figure 6.

Hybrid n-ary encoding achieves better performance than sin-
gle n-ary encoding. By combining multiple n-ary, the potential
“collision risks” can be circumvented cleverly, severing as a mixed-
granularity discretization. Additionally, enlarging the encoding
space N within a certain range is beneficial.

Encoding space N consisting of prime numbers (e.g., 2,3,5,7,...)
may contribute to easing “collision risks” and achieving better
performance. This might be because the carry borders of prime-
based encoding are distinct.

4.5 Model Complexity

In order to quantitatively analyze the time and space complex-
ity of the NaryDis framework, we apply it to the backbone DNN
model, and record the overall inference time (over the test dataset)
and the model parameters on Criteo, as shown in Table 4. All the
experiments are conducted on an NVIDIA Tesla V100-PCle GPU
with 32G memory. Specifically, compared to AutoDis, our single-
ary vanilla model (with binary) slightly increases the parameters
by 0.45%, while the inference time is reduced by 3.75% and the
AUC already surpasses AutoDis significantly, which sufficiently
demonstrates the superiority of our n-ary encoding-based solution.
Besides, the increased inference time (+11.39%) and parameters
(+4.17%) of hybrid-ary NaryDis (combining 2/3/5/7-ary encodings)
are also acceptable in the industry. Remarkably, the AUC improve-
ment (+0.48%) is very impressive in comparison with AutoDis.
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Figure 7: The AUC gain of NaryDis compared with AutoDis under
different encoding space N.

Table 4: Model complexity comparison. The improvement is
computed over the strongest baseline AutoDis.

AutoDis EDD NaryDis (vanilla) ~ NaryDis (2/3/5/7-ary)

Inference Time (s) 21.86 20.75 21.04 24.35
Relative Ratio - -5.08% -3.75% +11.39%

Parameters (><107) 2.012 2.009 2.021 2.096
Relative Ratio - -0.15% +0.45% +4.17%
AUC 0.8092 0.8074 0.8123 0.8131
Relative Ratio - -0.22% +0.38% +0.48%

4.6 Ablation Study and Hyper-Parameters
Sensitivity

4.6.1 Ablation study. Three variants of NaryDis are devised to
explore how different designed components influence the perfor-
mance. In particular, we replace the intra-ary attention by a sim-
ple mean pooling, named as Intra-mean. Besides, the inter-ary
attention is changed to mean pooling (soft-selection) and Gumbel-
Softmax [16] (hard-selection), termed as Inter-mean and Inter-
hard, respectively. We also remove the self-supervised regulariza-
tion L, from Eq.(10) and obtain the variant Without-ssl. The
comparison of these variants with the original NaryDis is presented
in Figure 8. We can observe that, after replacing the designed at-
tention mechanism, the performance on both Criteo and AutoML
drops, which emphasizes the significance of the hierarchical at-
tention mechanism for capturing the correlation of both different
positions within an encoded sequence and different n-ary encod-
ings. Besides, performing a hard-selection strategy for choosing
a single n-ary encoding is a sub-optimal approach. Additionally,
removing the SSL affects the performance, confirming the benefit
of self-supervised regularization. Our proposed NaryDis is consis-
tently superior to all variants, showing that all the components
together yield the best performance.

4.6.2 The impact of the a coefficient. To explore the impact of the
self-supervised regularization coefficient , we vary it in the range
of {0,0.1,0.2,...,1.2}. The performance comparison on the Criteo
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Figure 9: Impact of the « coefficient.

dataset is presented in Figure 9. The results show that the perfor-
mance of NaryDis firstly grows and then slightly drops with the
increase of a. Additionally, the optimal self-supervised regulariza-
tion coefficient is achieved at around 0.5-0.9.

5 APPLICATION: INDUSTRIAL
ADVERTISEMENT SYSTEM

5.1 System Overview

The overview of a mainstream large-scale advertisement platform
is shown in Figure 10. The industrial advertisement system mainly
consists of three core components: Feature Factory Processing, Of-
fline Training, and Online Serving. Specifically, users’ historical be-
haviors over the ads are collected and stored in the logs. Then these
logs will be periodically processed in the feature factory, which
contains several steps: 1) Feature extraction: extract the desired
categorical and numerical features; 2) Feature filtering: filter the
low-frequency features for avoiding feature cold-start; 3) Numer-
ical feature discretization: discretize the numerical features into
categorical features via pre-defined rules (only required for hard-
discretization methods); 4) Feature encoding: leverage the original
or hashed features to construct one-hot feature map; 5) Feature
conversion: convert the instances into one-hot feature vectors ac-
cording to the feature map.

When a user request arrives, the recall stage is first triggered
and retrieves a list of candidate ads that are highly relevant to
the user from the ads candidate pool. Then an indexer gathers the
processed features and concatenates them into instances. A ranker
leverages these instances and a CTR prediction model trained offline
to estimate the click probability Pr(y|x) for each candidate ad.
Finally, a sorted ads list is generated based on some ranking function
(e.g., eCPM) and exposed to the user.

5.2 Performance Comparison

We collect and sample 8 consecutive days of user behavior records
from a mainstream large-scale advertisement platform, where mil-
lions of daily active users generate tens of millions of user logs. The
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Table 5: The performance comparison in the large scale advertise-
ment system.

Method AUC  Logloss Rel Improv.

FE 0.7248 0.1369 0%
EDD 0.7251 0.1371 0.04%
LD 0.7265 0.1368 0.23%
TD 0.7262 0.1369 0.19%
AutoDis  0.7281 0.1366 0.45%
NaryDis  0.7298  0.1363 0.69%

large-scale industrial dataset contains 41 numerical feature fields
and 44 categorical feature fields. The numerical features include
user statistics features (e.g., number of ads clicked by users) and
ad statistics features (e.g., number of clicks on the ad). These fea-
tures are either non-negative integers (e.g., counts) or non-negative
floating-point numbers (e.g., proportions). We use a popular deep
CTR prediction model DeepFM as the backbone model and compare
NaryDis with some numerical feature presentation methods shown
in Section 4.1.3, including FE, EDD, LD, TD, and AutoDis.

The performance comparison is presented in Table 5, from which
we can observe that NaryDis outperform other baselines by a signif-
icant margin. In comparison with the hard-discretization methods
(i.e., EDD, LD, and TD) that are widely-used in industry, NaryDis
achieves remarkable AUC improvement ranging from 0.4% to 0.6%.
Besides, NaryDis saves the discretization step in feature factory pro-
cessing, thus avoiding the cost of manual discretization. Moreover,
compared with the strongest baseline AutoDis, NaryDis upgrades
the AUC by 0.24%, which is statistically significant.

6 CONCLUSION

In this paper, we propose NaryDis, a pluggable discretization and
representation learning framework for numerical features based
on the hybrid n-ary encoding, which ensures prominent continuity
and discriminability. NaryDis first leverages hybrid n-ary encod-
ing as an automatic discretization module to generate multiple
sequences in a hybrid-grained manner. Then, hierarchical intra-ary
and inter-ary attention are leveraged to discriminate the impor-
tance of different positions and n-ary encodings, respectively. More-
over, an auxiliary contrastive regularization module is designed to
provide self-supervised constraint signals. Extensive experiments
demonstrate the effectiveness and compatibility of NaryDis.
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